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a b s t r a c t
The basic digital method for option pricing developed in Ingersoll [J. Ingersoll, Digital
contracts: Simple tools for pricing complex derivatives, Journal of Business 73 (1) (2000)
67–88] and Buchen and Skipper [P. Buchen, M. Skipper, The quintessential option pricing
formula, School of Mathematics and Statistics, University of Sydney, 2003, pp. 1–31] is
generalized to a Lévy environment. The approach is combined with the mathematical
methodology of Boyarchenko and Levendorskiı˘ [S.I. Boyarchenko, S.Z. Levendorskiı˘, Non-
Gaussian Merton–Black–Scholes theory, World Scientific, 2002] that employs pseudo-
differential operators whose symbol is expressed in terms of the characteristic exponent
of the underlying Lévy process. Some new valuation formulas are obtained.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The title of this work is inspired by [1] where a comprehensive formula for the price of exotic options is proved in a
traditional Black–Merton–Scholes environment, that is, assuming that the underlying asset follows a geometric Brownian
motion. In recent years there has been growing evidence that the classical Black–Scholes model does not describe the
statistical properties of financial time series very accurately. In particular, the log returns seem to not behave according
to a Normal distribution, but exhibit a non-Gaussian character, in that they have a significant skewness and an actual excess
kurtosis. Moreover, some inconsistency with market option prices arises when the theoretical model is calibrated against
the market data. To overcome such difficulties, other distributions more flexible than the Normal distribution have been
proposed for modelling financial data, starting from the late 1980s. Examples of such models are the Variance Gamma
(VG) model proposed by Madan and Seneta [2], the Hyperbolic (H) distribution adopted by Eberlein and Keller [3], the
Normal Inverse Gaussian (NIG) employed by Barndorff-Nielsen [4] and themore general GeneralizedHyperbolicModel (GH)
developed by Eberlein and co-authors (see [5]). In [6] Carr, Geman, Madan and Yor introduced a four-parameter distribution
named CGMY after their names and generalized to a six-parameter distribution in [7]. On the other hand, Boyarchenko
and Levendorskiı˘ [8] extended the Koponen’s family of distributions, thereafter named KoBoL. A useful description of the
above-mentioned distributions and of the motivation which has led to their adoption can be found in the book [9] by
Schoutens, who also contributed to this literature. The above listed processes belong to the wide family of Lévy processes
which has gained increasing favour in the financial literature in the last few decades. The classical modeling of stock prices
as a geometric Brownian motion is replaced by a geometric Lévy motion, that is, the stock price St is eXt , where Xt is a
Lévy process.1 In this work we follow [10] and suppose that Xt is a regular Lévy process of exponential type (RLPE), where
‘‘the adjective ‘regular’ indicates that from the analytical point of view, it is the most tractable subclass of Lévy process, if
the Brownian motion is not available’’. More precisely, a one-dimensional RLPE of order υ ∈]0, 2] and exponential type
[λ−, λ+], λ− < 0 < λ+, has a characteristic exponent ψ(ξ)which admits a representation of the form
ψ(ξ) = −iµξ + φ(ξ) (1.1)
E-mail address: rossella.agliardi@unibo.it.
1 Actually, there is some disagreement as to whether to use geometric Levy motion or to assume dS(t) = S(t−)(µdt + σdX(t)).
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where φ is holomorphic in the strip Im ξ ∈]λ−, λ+[, continuous up to the boundary of the strip, φ(ξ) = C |ξ |υ+O(|ξ |υ1) for
ξ −→∞ and ∣∣φ′(ξ)∣∣ ≤ C(1+ |ξ |υ2) in Im ξ ∈ [λ−, λ+]with υ1, υ2 < υ . Notice that a Brownian motion is a RLPE of order
2 and any exponential type. In this workwe adopt such a framework for the underlying asset and prove the pricing formulas
for some simple options which can be seen as the building blocks for more complex options, in the spirit of [1]. The idea that
a wide range of financial derivatives can be valuated in terms of elementary contracts, such as digital options, traces back
to [11]. The aim of this work is to extend such a simple and unifying approach to the more general Lévy environment. The
analysis is confined to single-asset options, while multi-asset options are left to future research. At first the pricing formulas
for digital contracts are proved following themathematicalmethod developed in [10], that is, employing pseudo-differential
operators whose symbol is expressed in terms of the characteristic exponent of the underlying Lévy process. The formulas
that we provide for digital contracts are more comprehensive than the ones in Section 4.4.2 in [10], in that both the call
and put options are handled together, even multi-period digitals are studied (Section 4) and we deal with power options
directly. Then several examples are provided as an application to illustrate the flexibility of the mathematical formulation,
both in terms of kind of option and of underlying asset. Thus we are able to provide some generalizations of known pricing
formulas. For example, the valuation formula for the compound option given in Section 4 has, to the author’s knowledge,
not yet been written down in a non-Gaussian setting and it yields a deeper insight into the Gaussian case too.
2. Notation
Throughout this work Xt will denote a Lévy process andψP(ξ)will denote its characteristic exponent with respect to the
historic measure P , that is, EP(eiξXt ) = e−tψP (ξ) for any t ≥ 0, where EP denotes the expectation operator with respect to
P . We consider a Lévy market, i.e. a model of a financial market with a deterministic saving account ert , r ≥ 0, and a stock
following a stochastic process St = eXt . Since we want to price contingent claims on the stock, it is convenient to consider
an equivalent martingale measure (EMM) Q which makes the discounted price process e−rtSt a martingale. Since models
based on Lévy processes create incomplete markets, there exist infinitely many martingale measures which are equivalent
to the historical measure and are compatible with the usual no arbitrage requirement. A popular method for constructing
an EMM which is structure preserving, that is, where Xt remains a Lévy process under Q , employs the Esscher transform.
As [12] clarified, there exist two kinds of Esscher transforms: the exponential and the linear Esscher martingale transforms,
which can also be related to different utility functions. (See also [13] for a survey and complete characterization.) Since the
first transform turns the ordinary exponential process into a martingale, the choice of the exponential one is more natural
in our context. Moreover it allows for a simple expression for the characteristic exponent,ψQ (ξ) = ψP(ξ − ih)−ψP(−ih),
where h is obtained by solving the following equation:
ψP(−ih)− ψP(−ih− i) = r. (2.1)
In [10] it is shown that while (2.1) may have no real solution for an arbitrary Lévy process, uniqueness holds for RLPEs
and sufficient conditions for existence can be proved. (See Lemma 4.1 in [10].)
Note that the discounted stock price is aQ -martingale under the EMMcondition r+ψQ (−i) = 0. Therefore the additional
condition λ− < −1 is usually assumed to guarantee that−i belongs to the strip of regularity of ψQ .
Let g(XT ) denote the terminal payoff of an option on St at the expiry date T . Then the price of the option at the current
time t (t < T ) is given by
F(St , t) = EQ [e−r(T−t)g(XT ) | Xt = ln(St)].
If eωxg(x) ∈ L1(R) for some ω ∈]λ−, λ+[, then the Fourier transform ĝ(ξ) of g can be defined as usual on Im ξ = ω and
finally one can write
F(St , t) = 12pi
∫ +∞+iω
−∞+iω
eiξ ln St−(T−t)(r+ψ(ξ))ĝ(ξ)dξ . (2.2)
In the practical applications of themethodω can be chosen in an open interval so that the points where holomorphy fails
are ruled out. In what follows we assume that an EMM Q is chosen so that Xt is a RLPE under it and take both E and ψ with
respect to Q , whenever the subscript is omitted.
3. Power digitals
In this section we are concerned with pricing of power digitals, that is, options whose payoff at the expiry date T is of
the form SαT I[K ,+∞)(ST ) or S
α
T I(−∞,K ](ST ), where α ≥ 0 and IA denotes the indicator function of the set A. For α = 0 one has
cash-or-nothing options and for α = 1 asset-or-nothing options. It is convenient to express the payoff in terms of x = ln(ST )
and to encompass the two cases in one expression by taking the parameterw = ±1. Then the payoff function is of the form
g(x) = eαxI[w ln K ,+∞)(wx), where w = 1 gives the call option and w = −1 the put option. The current price of a power
digital is given by the following:
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Proposition 1. If λ− < −α then the current price of the power option is
F(St , t) = wS
α
t
2pi
∫ +∞−iwω
−∞−iwω
eiξ ln(St/K)−(T−t)(r+ψ(ξ−iα))
1
iξ
dξ (3.1)
for any ω ∈]0,−λ− − α [ if w = 1 and ω ∈]0, λ+[ if w = −1.
Proof. The payoff function g is such that e−wωαxg(x) ∈ L1(R) for ωα > wα. Thus one can consider the Fourier transform:
ĝ(ξ) = wi(ξ+iα) exp[(α − iξ) ln K ] for Im ξ = −wωα . Then taking any ωα ∈]wα, λw,α[ with λw,α = −λ− if w = 1 and
λw,α = λ+ − α ifw = −1, (2.2) yields
F(St , t) = wK
α
2pi
∫ +∞−iwωα
−∞−iwωα
eiξ
′ ln(St/K)−(T−t)(r+ψ(ξ ′)) 1
i(ξ ′ + iα)dξ
′.
Note that ωα < λw,α is needed to guarantee that ξ ′ belongs to the strip of regularity of ψ.
Finally (3.1) is obtained by changing to variables ξ ′ + iα = ξ and letting ωα − wα = ω. 
Another useful expression for F can be given in terms of the distribution function Ψτ of the random variable Xτ , where
τ = T − t . Indeed, for any ω ∈]0, λ+[, 12pi
∫ +∞+iω
−∞+iω e
ixξ−τψ(ξ) 1
iξ dξ = − 12pi
∫ +∞+iω
−∞+iω e
−τψ(ξ) ̂I(−∞,−x](ξ)dξ = −Ψτ (−x), while
for any ω ∈] − λ−, 0[we have
1
2pi
∫ +∞+iω
−∞+iω
eixξ−τψ(ξ)
1
iξ
dξ = 1
2pi
∫ +∞+iω
−∞+iω
e−τψ(ξ) ̂I[−x,+∞)(ξ)dξ = 1− Ψτ (−x).
As a consequence, the price of a cash-or-nothing option can be written as
e−rτ
(
1− Ψτ
(
− ln St
K
))
(call) and e−rτΨτ
(
− ln St
K
)
(put).
The price of the other digitals can be written similarly, by just replacing Ψτ with the distribution function corresponding to
the random variable whose characteristic exponent is ψ(ξ − iα) instead of ψ(ξ).
Examples.
(1) Vanilla call options. The payoff is max(ST − K , 0) = ST I]K ,+∞)(ST )− KI]K ,+∞)(ST ). In view of Proposition 1 withw = 1
and α = 0 or α = 1, the current price F(St , t) of the option becomes
St
2pi
∫ +∞−iω
−∞−iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ−i))
1
iξ
dξ − K
2pi
∫ +∞−iω
−∞−iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ))
1
iξ
dξ
for anyω ∈]0,−λ−−1[. Changing to variables ξ−i = ξ ′ in the first integral and then shifting upwards (from Im ξ = −ω−1
to Im ξ = −ω) integration line, one gets
F(St , t) = − K2pi i
∫ +∞−iω
−∞−iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ))
(
1
ξ
− 1
ξ + i
)
dξ
which is formula (4.31) in [10], obtained through a different computation. Alternatively, recalling that ψ(−i) = −r , one
can write
F(St , t) = 12pi
∫ +∞−iω
−∞−iω
eiξ ln(St/K)−τψ(ξ)
1
iξ
[
Ste−τH(ξ) − Ke−rτ
]
dξ
with τ = T − t and H(ξ) = ψ(ξ − i)−ψ(ξ − i)−ψ(−i). Note that, in the Gaussian case,ψ(ξ) = −i(r − σ 22 )ξ + σ
2ξ2
2 and
H(ξ) = −iσ 2ξ ; thus, denoting (ln(St/K)+ (r ± σ 22 )τ )/(σ
√
τ) by d±, one gets
F(St , t) = 12pi
∫ +∞−iω
−∞−iω
eiξσ
√
τd− 1
iξ
[
Steiτσ
2ξ − Ke−rτ
]
e−
τσ2ξ2
2 dξ .
Changing to variables ξσ
√
τ = η the integral becomes
1
2pi
∫ +∞−iωτ
−∞−iωτ
1
iη
[
Steiηd+ − Ke−rτeiηd−
]
e−
η2
2 dη with ωτ = ωσ√τ ,
which gives the known Black–Scholes formula F(St , t) = StN(d+)− Ke−rτN(d−).
(2) Vanilla put options. The payoff is max(K − ST , 0) = KI(−∞,K ](ST ) − ST I(−∞,K ](ST ). Then Proposition 1 (with w = −1
and α = 0 or α = 1) yields for F(St , t)
− K
2pi
∫ +∞+iω
−∞+iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ))
1
iξ
dξ + St
2pi
∫ +∞+iω
−∞+iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ−i))
1
iξ
dξ for any ω ∈]0, λ+[.
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Changing to variables ξ − i = ξ ′ in the second integral and then shifting, upwards (from Im ξ = ω − 1 to Im ξ = ω), the
line of integration, one gets
F(St , t) = − K2pi
∫ +∞+iω
−∞+iω
eiξ ln(St/K)−(T−t)(r+ψ(ξ))
1
ξ(ξ + i)dξ,
which is (4.32) in [10].
(3)∆ of vanilla options.We are going to find a simple expression for∆ = ∂F
∂S . Recall that it coincides with the locally risk-
minimizing hedging ratio only in the Gaussian case (see [10, Section 5.5.2]). In order to compute ∂F
∂S one has to differentiate
under the integral sign, which is allowed in view of the property of ψ pointed out in Lemma 3.6 in [10]. Furthermore, the
result is simplified if we apply the following:
Lemma 1. For any ω ∈]0, λw,1[ and for any x ∈ R the following identity holds:∫ +∞−iwω
−∞−iwω
eixξ
[
e−τψ(ξ−i) − e−xe−τψ(ξ)] dξ = 0. (3.2)
Proof. The left-hand side of (3.2) is∫ +∞−iwω
−∞−iwω
eixξ−τψ(ξ−i)dξ −
∫ +∞−iwω
−∞−iwω
eix(ξ+i)−τψ(ξ)dξ .
Changing to variables ξ − i = ξ ′ in the first integral and moving, upwards (from Im ξ = −wω − 1 to Im ξ = −wω), the
integration line, thanks to holomorphy one obtains
∫ +∞−iwω
−∞−iwω e
ix(ξ+i)e−τψ(ξ)dξ , which gives (3.2). 
Therefore the ∆ of a vanilla option is 12pi
∫ +∞−iwω
−∞−iwω e
iξ ln(St/K)−(T−t)(r+ψ(ξ−i)) 1
iξ dξ which is the value of the corresponding
asset-or-nothing option divided by St . In the Gaussian case it becomeswN(wd+).
(4) Supershare options. The payoff is ST/XL if XL < ST < XH and 0 otherwise, and a pricing formula in the Gaussian case
was found in [14]. Noting that the payoff is STXL [I]XL,+∞)(ST )− I[XH ,+∞)(ST )], a pricing formula in the Lévy framework is
St
2piXL
∫ +∞−iω
−∞−iω
eiξ ln St−(T−t)(r+ψ(ξ−i))
e−iξXL − e−iξXH
iξ
dξ for any ω ∈]0,−λ− − 1[.
(5) Power digitals under the Poisson process. Let Xt = YNt − ct , where Nt is a Poisson process of intensity λ > 0 and Y > 0.
Let Ψτ (x; λ) = ∑0≤j≤ x+cτY e−λτ (λτ)jj! denote the cumulative distribution function of Xτ . The characteristic exponent under
Q is ψ(ξ) = icξ + λ∗(1 − eiξ ), with λ∗ = (r + c)/(eY − 1). Such an alternative stochastic process has been considered
in [15] and here we provide a generalization. In view of Proposition 1 and the following discussion, the price of an option
with payoff SαT I[K ,+∞)(ST ) (S
α
T I(−∞,K ](ST ), respectively) can be written as
Sαt e
−τβ(α,Y )
(
1− Ψτ
(
− ln St
K
; λ∗eαY
))(
Sαt e
−τβ(α,Y )Ψτ
(
− ln St
K
; λ∗eαY
)
, respectively
)
,
where β(α, Y ) = λ∗(1− eαY )+ αc + r . In particular, for a standard call option we obtain, as in [15],
St
(
1− Ψτ
(
− ln St
K
; λ∗eY
))
− Ke−τ r
(
1− Ψτ
(
− ln St
K
; λ∗
))
.
(6) A generalization of Ingersoll’s formula for power digitals. In [11] it is shown that a power option in the Gaussian
framework can be valuated by simply replacing St with Sαt , the volatility σ with ασ and subtracting (1 − α)(r + ασ 2/2)
from the drift term in the corresponding asset-or-nothing formula (see (16) in [11]). Let us see how this idea is transferred
to the Lévy setting. Fix α ≥ 1. Changing the variables using ξ = αη in the integral in (3.1) and denoting ω/α by ω′, the
pricing formula for the power digital can be written as
Fα(St , t) = wS
α
t
2pi
∫ +∞−iwω′
−∞−iwω′
eiη ln(S
α
t /K)−(T−t)(r+ψα(η−i)) 1
iη
dη
where ψα(η) = ψ(αη) and ω′ ∈]0,−λ− − α if w = 1 (]0, λ+[ if w = −1). In other words, the value of the power digital,
Fα(St , t), can be straightforwardly obtained from the price of the corresponding asset-or-nothing option by simply replacing
St with Sαt andψ withψα . In the Gaussian caseψ(ξ) = −i(r − σ
2
2 )ξ + σ
2ξ2
2 one hasψα(ξ) = −i(r − qα − α
2σ 2
2 )ξ + α
2σ 2ξ2
2
with qα = (1− α)(r + ασ 2/2), in keeping with [11].
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4. Multi-period power binaries
In this sectionwe generalize Proposition 1 to the case of themulti-period binaries which are the building blocks formany
exotic options requiring a discrete monitoring of the underlying assets. Some examples are the cliquet options, the complex
chooser options and the notable case of compound options which generates some more complicated ones (see [16], for
example). The formal notation is introduced along the lines of [1] where the Gaussian case was studied.
Let T denote the set of times [t, T1, . . . , TM ], where t is the current time, Tk are M fixed asset price monitoring times,
t < T1 < · · · < TM . We assume that TM = T , the expiry date of the option, for simplicity’s sake. Let Xk denote the price of
the underlying asset at themonitoring time Tk and letX denote theM-dimensional vector assembling all the components Xk
which are relevant for the option under study. If α isM-dimensional, then Xα denotes Xα11 . . . X
α1
1 and α is referred to as the
payoff index vector. LetW denote a diagonalmatrixwith all the diagonal entries equal to±1. LetK denote the exercise price
vector (of dimension M) and let 1M(WX ≥ WK) denote the M-dimensional indicator function∏Mi=1 11((WX)i ≥ (WK)i),
where (WX)i and (WK)i denote the ith rows ofWX andWK , respectively. Note that both the indicator functions I[Ki,+∞)(Xi)
and I(−∞,Ki](Xi) are encompassed in such a notation, depending on the sign of wii (denoted by wi, concisely). All the useful
parameters are summarized in the payoff parameter set P = [α,K,W ]. Let F(St , t; T,K) denote the value of a multi-period
binary whose payoff exp[∑Mk=1 γkXk].1M(WX ≥ WK) is specified in terms of T and K, and with an underlying asset St as in
the previous sections. Then we can prove the following:
Proposition 2.
F (St , t; T ,K ) = e
−r(TM−t)
(2pi i)M
M∏
j=1
wjK
αj
j
∫ +∞−iwMωM
−∞−iwMωM
· · ·
∫ +∞−iw1ω1
−∞−iw1ω1
×
M∏
j=1
(
ξj + iαj
)−1 exp[ M∑
j=1
iξj ln(St/Kj)− Ψ (t, ξ1, . . . ξM)
]
dξ1 · · · dξM
where Ψ (t, ξ1, . . . ξM) = ∑Mk=1(Tk − Tk−1)ψ(∑Mj=k ξj) with T0 = t and ωk ∈]wkαk, λwk,αk [, where λwk,αk = −λ− −∑M
j=k+1 ωjαj if wk = 1 and= λ+−αk if wk = −1 for k = 1, . . . ,M−1 and it is assumed that λ− <
∑M
j=k+1 ωjαj−αk < λ+.
(We mean that all the sums
∑M
j=M+1 vanish.)
Proof. The caseM = 1 is Proposition 1. The general case is proved recursively. 
As an example the remarkable case of a compound option is studied below. For simplicity’s sakewe present only the case
of the call on the call: the general case can be obtained similarly by straightforward application of Proposition 2.
Example (Compound Call Options). Let C(S, t) denote the current value of a European call option expiring at time T2 > t ,
with strike price K2 and whose underlying asset follows a RLPE. Let T1 < T2 and let F(S, t) denote the current value of a call
option on the former option with expiry date T1 and strike price K1. Example 3 implies that there is a unique solution S∗
to C(S, T1) = K1. The payoff of the compound option can be written as ST212(ST2 ≥ K2, ST1 ≥ S∗) − K212(ST2 ≥ K2, ST1 ≥
S∗) − K111(ST1 ≥ S∗) and therefore our method applies. The current value of the last term is obtained by straightforward
application of Proposition 1, while the current values of the other terms require Proposition 2 with M = 2, K = (S∗, K2),
w1 = w2 = 1 and α = (0, 1) for the first term and α = (0, 0) for the second term. Then we obtain
F(St , t) = Ste
−r(T2−t)
(2pi i)2
∫ +∞−iω2
−∞−iω2
∫ +∞−iω1
−∞−iω1
eiξ1 ln
St
S∗+iξ2 ln StK2 −Ψ (t,ξ1,ξ2−i) 1
ξ1ξ2
dξ1dξ2
− K2e
−r(T2−t)
(2pi i)2
∫ +∞−iω2
−∞−iω2
∫ +∞−iω1
−∞−iω1
eiξ1 ln
St
S∗+iξ2 ln StK2 −Ψ (t,ξ1,ξ2) 1
ξ1ξ2
dξ1dξ2
− K1e
−r(T1−t)
2pi
∫ +∞−iω1
−∞−iω1
eiξ1 ln
St
S∗−(T1−t)ψ(ξ1) 1
iξ1
dξ1 for some ω1, ω2 ∈]0,−λ− − 1[.
In the Gaussian case and with the notation of Section 3, if we change variables using ξjσ
√
Tj − t = ηj, let ω1, ω2 be any
positive value and denote (ln StS∗ + (r ± σ
2
2 )(T1− t))/(σ
√
T1 − t) by d±1 , (ln StK2 + (r ± σ
2
2 )(T2− t))/(σ
√
T2 − t) by d±2 and√
T1−t
T2−t by ρ, our formula collapses into
F(St , t) = St
(2pi i)2
∫ +∞−iω2
−∞−iω2
∫ +∞−iω1
−∞−iω1
eiη1d
+
1 +iη2d+2 − 12
(
η21+η22+2ρη1η2
)
1
η1η2
dη1dη2
− K2e
−r(T2−t)
(2pi i)2
∫ +∞−iω2
−∞−iω2
∫ +∞−iω1
−∞−iω1
eiη1d
−
1 +iη2d−2 − 12
(
η21+η22+2ρη1η2
)
1
η1η2
dη1dη2 − K1e−r(T1−t)N(d−1 ).
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Finally we get the well-known Geske’s formula for compound options if we apply the following:
Lemma 2. The following identity holds:
1
(2pi i)2
∫ +∞−iω2
−∞−iω2
∫ +∞−iω1
−∞−iω1
eiη1h1+iη2h2−
1
2
(
η21+η22+2ρη1η2
)
1
η1η2
dη1dη2 = N2 (h1, h2, ρ) .
Proof. Recall that the Fourier transform of exp(− 12 〈AX, X〉), where A is an n × n matrix and 〈., .〉 is the scalar product, is
(2pi)
n
2 (det B)
1
2 exp(− 12 〈BΞ ,Ξ〉) with B = A−1. (Here Ξ denotes the dual variable of X .) Thus the term on the left can be
written as
1
2pi
√
1− ρ2
∫ +∞
−∞
∫ +∞
−∞
e−
1
2 〈AX,X〉1[0,+∞)(h1 − x1)1[0,+∞)(h2 − x2)dx1dx2 with A = 11− ρ2
(
1 −ρ
−ρ 1
)
,
which is N2(h1, h2, ρ). 
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